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The results of an },_ysis of a coni._ damper control system for the ke_md
i spacecraft_is the subject of this report, i'heconing damper effectively main-

: rains a desired spatial orientation of thc spinr_ingspacecraft. During soas_

, periods it senses coniz_ motion about,the angular moment_unvector and adds ,_

energy to the vehicle to o_ercome energy losses from internal vibration. It

also reduces cor_Ir_due to tipoff rates or arc- other coning angle sources.

i

Included ILlthe report is an analysis of _xtern&l dlsturbin_ influences affect-

ing the ve_cle spatial orientation, These disturbances are outside of the in-

fluence o[ the control system. A separate section of the report is devoted to

an alternate control scheme employing an attitude EYro as the con_roller.
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SF_TI(_ I

INTRODUCTION

i. The nature of the aebound mission re_4uiresthat the attitude of the upace-

craft between injections of _ne cannister as_emb]Zes be very closely con-

trolled. The present design of the _e_und system has assumed that the

agena-B, the second stage of the boost ve_icle, remains attached to the

spacecraft after burnout, and furnishes attitude control for the spa:e-

craft in the transfer orbit, fhis stage uses a horizon scanner and a gvro

compassing scheme for the attitude reference and uses a cold gas jet sys-

tem for contrcA. The present Agena-B would seriously degrade the spacecraft

accuracy due to its inability-to _aintain the required attitude tolerances

toldthe effect of energy added to the transfer orbit from its gas jet syst_.

An alternate approach toward meeting these system requirements on attitude

and energy change is to spin the sp_?craft _md separate it from the Agena-B

immediately after the transfer orbit .hasbeen attained. The cannist_,-

assemblies _muld then be individual]ivseparated and injected into the final

orbit. This scheme would eliminate .he problems of the agena-B gas control

i_ system. ;he three spinup and despin _._eouence_of the spacecraft would be

replaced by the single sp_nup operatioI_. The problem with such an approach

i for a long slender body is the degradation of the v_hicle attitude by _ coning

motion caused by the loss of energy of the spinning body from internal

I flexing and damping. This phenomenon caused the attitude of Explorer I to
i

degrade completely into a flat spin after approximately lO hours in orbit.

in order to solve this p*'oblem:tb_ coning damper concept !_asbeen developed.

the coning damper is basically a very simple servo, relying on two concepts

in its operation. First, the coning motion cad be measured by an accelero-

:eter placed on the periphery of the vehicle _ath its sensitive axis parallel

with the design spin axis. The coning is registered as a sinusoidal output

of the _ccelerometer. Second, energy can be transferred from a storage

battery to the vehicle spin motion by proper actuation of internal zrmss_s

and thereby the coning c_gJbe reduced, lhose two concepts furnish the two

necessary elements for a control system; namely, a sensor and an actuator.
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For the Rebound application the coning damper enjoys a £undamental ad-

vantage over a gas jet control system. As a result of _,e actuator being

intsrnal to the spacecraft, it cannot change the ar_ular momentum of the

Cehicle or its rectilinear energy in the tr_efer orbit. With the excep-

tlon of external torques on th_ vehicle, the angular momentum vector form_

a gyl_ reference and is preserved ur_tiltl_ injection of each of the three

cannister a_s_blies, it is shown later in this report that the influences

of the sxterr_l moments on the vehicle during the lor_ coast periods are

negligible, and the change in angular momentum due to separation of each

assembly is quite small.

!

The purpose of thls report is to Qevelop in detail the configuration and !

requirements of the serve components _o be used in the coning dsm_perand to f

demonstrate the gracticability of the conin_ damper concept. In this first

section an introduction and a general evaluation of the _roble_ have been

presented. The second secti_-,evaluates the effects of the various external

disturbing influence_, such as _olar pressur_ and ,_gnetic torque, and shows

that they are well within allowable limits. The t_ird section describes the

_etailed analysis of a coning damper using the axial torquing of a fllywheel

as the actuation scheme, in the fourth section uhere is presented a pre-

liminary development of a dampil_ system using the precession of a gyro as

the actuation scheme. Ahe relative merits of these various alternatives are

also explained. Finally, in the £lfth section a general discussion is given.

_his section is followed by an appendix which presents the system equations

for the coning damper using a motor-fly_hee) _nd an appendi_ developing the

equations for the external torq_:es on the spacecraft.
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J ANALYSIS OF EXTErnAL DIBTt_BAIIC_

)

I 2. INTRODUCTIO_

In order to consider the replacement of the Agena-B with a coning damper

t control system for attitude _ti_l/zatign, the exterr_l disturbance effectsp

which are outside of the influence of the coni_ _o.ntrol_ystwa, mul_ be
t evaluated. If the effects of external disturbances are small_ or_ the

coning dampi_ action of the control system is re_ulred to maintain an

i accura_e_,vehicle direction in sp_ce. The external torques caused by the

vehic!_*s interaction with the Earth's gravitational _J_ ma_letic fields,

_eh_cle _posure to solar*radiation, and the unequal forces imparted by

the separation springs, are evaluated in this sootier,of the _eport. •The_e

to_ee cause displacement of the nominal ang_lar _,_: vmct_r,f_ the

deslre_ orientation. A detailed for_lation and solution of the field

effects ._sgiven in Appendix IT.

.1 _xtern_,_orcues on the _ebo_d _an_St_r Assembly

J 2.1.1 _ravita_tlon_.I. _netlc. a_d _olarJ_d_ation _ffects -_- =

Formulae are given below _oP the d evlaL!on (magnitude) of the angular momentumvector as a f_ction of _lme in circular orbit due to the vehicle's inter- :/

I action w._th both the _ravitation_l and n_netic fields. Solar pressure torque_+ are extremely _mall and may be ne_ected, Figures 1 and 2 -h_w the+accumul_ted

_e!d effects on the _ifferent spacecraf_ con_i&_rations. _'he notation is +.

_|_, as f(+llows: .+
/ •

e. + 'leld :,.,/.6. ..-
] /. 8J_t3,.+ B Orbital rate (r®d-sec) "'

• FPac_ton_--_ulse error ratio of each separation s_ri_

I _ _anguiar deviat_ion(_ad) '+

1p Pitch-yaw moment of inertia (s!_-_t 2)

:-]

i
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.+

+,

. IR Roll mnment of inertia (slug-ft2)

j_ Lever ann of s_tion spring (ft)

m Vehicle's magnetic dipole manent (_uup-ft2)

m Mass of each cannister (slugs)
o

# _-Gravitaticmal field conslmnt (i._ x I016--_:_-)
-- sec

M Mass of r_m_in_ng ve_cl_- after separation.(slu_s)

t Time slr.cesplnup (sec)

Period of orbit (sec)

Zt [
u Relative _ri_g-lnduced sel_atio_ speed (S-_)

Inclins,tion of orbit (.+_ad)(0 fQr equatorial orbits) < '
++_'-" !

[

T-_?2

@ravltat£o_l Field.

+ +'.',f+,.-++I:I'- '-'I'°''`''-'`,' +++
|

•-, I _ .,.2i_t).,._ 2 (a) +
+ 8.,;. l,,., m' "':_ - t<i+2 4,,.i -' '

+
,,+

As can be sere from the a_ove, 5g varies sinus¢tdal._. (reae_i_ a maximum ++'+

- and returnin_ to zero twice per orbit) while _ approaches a linear

•function after _n extended _riod of time. For the purposes of graphical

representation+ a composite of the dlffere_t configurations has +been p_e-

pare_ which gives the maxim_u possi'_le _eviation of _he remainir_ sa_elli_

at an_ one point fro_ an imitial orientation of the system. Xt is assu_ed

that the s_cecraft remsins in the 3-cannister confis_ration for 20 hc_Ps

while the 2 an_ 1 cann+isterconfigurations can each orbit 3 or 8 times as
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CUMMULATIVEANGULARDEVIATION (MAGNETSCDISTURBANCES)

i SPACINGOF, BALLOONS INORBIT

i
. 45DEG SPACING

120DEG SPAONG

i
ila

i o .oio• I.)
j -, p- _.

/

i-I :_ /
u_ / 1CANNISTER
o /

.006- - /
< /

(_w _ 1CANNISTEr/ /
il _ .oo4-

Z

_.1 < 2CA CAHNISTE_S

! J " .002- - 3.CAN_

I

1 "to Io 2o 3o 5o

_-I TiMEAFTER SEPARATIONFROM AGENA*B(flOURS)
U

lJ

FIGURE 1

1965005589-015



CUMMULATIVE ANGULAR DEVIATION (GRAVITATIONAL DISTURBANCES)
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a unit, (spacil_s of 45° and 120°). An equatorial shot, _ = 0°, is given

as the _orst case (for m_netic effects), while the value of m has been

chosen as lllO the value f_JrTiros II (this last is rather a pessimistic

number for Rebound since the Tiros contains an a_dltions& dipole for atti-

tude control purposes). A table is given below for the numerical values of

the orbit and vehicle H_r_meters.

Number of Cannisters

I 2 3

h

= 7.58 x !0" radlsec

e = .01

_ = 2.0feet
{

m = i amp-ft2
1

i m =2:_.6sluga
i o

R = 29.1 x 106 feet

lO-4j t = (secx ) I_o52 8.86 7._
(450spac£ns)

i "_ 2o._ 13.73 7.2o
(_oo slmciss)

t
_! T = 8.28 x 103 sec

N = 5.0ftlsec

¢ = 0 racl

_I = _.5 radlsec

' The impulse unbalance of the spings used to eject the cannister assemblies

from the spa _e_raft imposes an exter,_l impulse on the spacecraft an_

m._tentumvector. This will alter tne direction of the momentum vector by

sn amount

(3)2 ,.=__

1965005589-017



For an impulse tolerance of i% on each of the .aFringsthe three sigma

_lue of the spacecraft attitude error i_ 0.136 de_ which is negligibly

zmall.

The _mpulse uncer_inty of the springs will cause an uncertainty in the

bad_ard velocity of the spacecra__tdue to the se__ccationfrom a cannister

asse_mbly. Because the spacecraft is li6hter without the Ag_ue-B, it will

have hi_her backward velocities _ith the coning damper scheme and will be

more sensitive to impulse uncertaimties. This backboardvelocity cau be

represented by a (v)= a (c) mev

2 (M+ae)

which in the present design would give a S-sigma velocity error in the

worst case of 0.0125 ft/sec, which is acceptable. This error can be de-

creased by re6ucin_ the separation velocity required or eliminated by

turning on the velocity meters in the remaining cannister assemblies during

the short period of time necessary co acrue this velocity c_hange.

2.2 Conclusions

The external torques to which the Rebound system __Ii be subjected have been

investigated. These external torques a_e caused by. the gravitational and

magnetic fields of the earth, solar radiation pressure t and separation im-

pulses. It was found that all these resulting errors are negli_ble except

the ba_-veloeity effect on the sl_cecraft _ue to separation impulse

and the resulting 3-sigma velocity error of 0.0125 ft/see is acceptable.

_Isot this value can be reduce_ with minor redesign. :
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SEC_ON9
_LYSIS OF C_ING DAMP_

The coning control system employs an accelerometer mounted on the periphery

of the spinnlng spacecraft coupled with a motor flywheel system. The fly-

wheel system is torqued by the motor in phase with the accelerometer output

signal. The reaction torque on the spacecraft and the gyroscopically pro-

duced torque reduce_ the coning angle.

Ahis section of the report describes in detail the _lalysis of the _oning

control system.

3.1 System Descrivtion

The block diagram of the _ebour_ coning control system used in this analysis

is presented in Figure 3- The individual blocks of this diagram contain the

various subsystem transfer functions and are described below.

3.1.1 Acce!eratlor,_lock

: The block {_a_) in the diagram describes the dynamics of the aocelerometer

}i package relatir_ output acceleration to the h_dy angular rates. In this

_.' analys_s the accelerometer instrament dynamics have b_en neglected since

the natural frequency of the coifingdamper system is well below the natural

!! frequency of existin_ accelerometere and the higher frequency accelercmeter

dynamic effects will be attenuated by la_s in the system.

I

3.1.2 sh_vin_ Network

The shaping network block (FAa) contains the transfer function of the HC

network used for compensation. It will be shown that a shaping network is

_I not needed for _ystem stability. The network is used _rimarily to block

D.C. commands to the motor flywheel as a result of accelerometer mlsa3ign-

ments and other undesirable system residual signals. The shaping network

!I configuration is shown in Figure 4, and the frequency response of the net-

work is presented in Figure _.

i 9
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t
I COMPENSATIONNETWORK
J

TOHIGH
INPUT

FROM IMPEDANCE
ACCELEROMETER RI Re AMPLIFIER

= _' JVVV--_ ------_/V_ .....

--+_--
C1

C2 R2
RESPONSE

LEAD-LAG,.LAG J

I

ij R0 - 0.0887MII Cl - 3.0FfR! - 3.92MII C2 - 0.10/d
R2 - 0.100MEI

I.i

R2
!i (I+R_C_S)

J T,F. = RO+ Rl+R2

E -' _0+R,: R-; - Ro+R,+R_

l
1.

i T,F. = 0,020 (1 + 11.72 S)+ (1+ 0.3185S)(1.,.0.00796S2)

, FIGURE 4
I
I
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?.1.3
£he block labeled motor loop represents _he 8ervo amplifier transfer function

( #m), _he transfer function of the servo motor, gear train and flywheel load

( FQ FV ), and the tachometer tra_mfer function (F?_. The motor used _ a

relatively _msll size standard se_vo motor. A gear reduction between motor

and load is used to obtain bhe _roper torque-speed ch<u'acteristicof the

motor-f]__'he_l necessary for desired _yctem i_e_onse. _ relative?:vhigh

gain amplifier is required to drive the motor',and since _he motor is torque

limited, uhe system behaves as a bang-bang controller. A _achometer to pro-

vide motor angular rate feadback has been included in the analysis only to

determine its effect on system response. The actual system chosen does not

include extern_l rate feedback, and the tachometer will not be needed.

Enough damping can be provided by the motor itself for the particular motor,

flywheel, and gear ratio chosen.

3.1.4 Vehicle Uynamics

The c_ynaziLicblock (FwD) contains the equations of motion relating the

vehicle body angular rates to the flywheel speed. _ description of the

equations of motion are contained in _eference 2. These equations are also

contained in Appendix _ to this report. _ere they are pr_;sented in a

.i somewhat modified form which is more useful for controls an_lysis. ['he

coordinate system is shown in Figare 6.

3.2 Linear,_tability _nalvslg

i _y_em stability was investigated for the vehicle _n thr_e conditions, total

v_hlcle (_ cannisters), 2 cannisters, and cne cannister. _,'yquistdiagrams

and root locus plots were obtair,_ifrom an IBM 7090 digital computer _,rogrs_m

which solves the linearized control system and vehicle d_,_mac equaSions.

Body torques on the flywheel have been neglected, as _bis is a second order

effect. Several linearizing assumptions have been made in the vehicle dyn_mics

to allow a linear al:_'oachto the analysis. These are descr_bed in Appendix I_

_,!so,th_ effects of certain exFected system no_-linear_ties were detez'mined

using the describing funct._ontechnique, _he ]in,_.arstabil_ty analysis was

;_u.uportedby an _alog _i,.ulauiunof the cos_iJeteequations. That ana)ysis is

described _n _,ection'_._.

13
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COORDINATESYSTEMFOR CONINGDAMPER
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l

3.2.1 Nyquis% and Root Locus Analysis
{

: The characteristic equation for the uncompensated control syst_a is

I
!

i KAKM.,', i 1I+ s -0.

t Ip rm (s2+ X2)(s+ llrm)

A typical Nyquist diagram can be closed, as shown below, to determine

stability.

S PLANE .,_._.-- ,,.."_ NYQUIST

,_ ,% X

". _""_, - + i co\•_. .. i -1"_,_+ +1co I I
.... , "'- 7 _-_O--ioo j

/ ', I

' ,x<// \/l/ +- _%/
z ._ / _IX

I
._J

i_ Since the system has no poles in the right half p!_le, no net encirclements

!.I of the minus one point are re_ulred for stability.

_, The various system parameters used in the analysis are as defined in Tables

i and 2. Since A =_l (I - R} and R = !Rm , k will vary as the configuration
Ip

++li changee fr_u three cannisters to tvo cannisters mud finally to one cannister.
The root locus plots for the three different configurations are given in

i Figures T through 9. Notice that the poles due to the denominator term,

' !' (s2 + k2),move inwsmd t_ards zero along the imaginsry axi-_as first one and

then the second _nnister ass_n.bly is ejected. As a result of this cham_e

I in k, the root loci and hence the system 1"cotswill change for each of the

three cases.

In analyz:n_ the characterlsti_: equation, digital c_mguter programs were

- used in+order to obtain the rooc locus plots and Nyquist diagr_is for the

!t '• syat_._. As a result of r,mJ'_it_ variationa in the system parameters,it %_

found that a system loop gain of lO00 for a wheel z_a_ent of inertia of

i .
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ROOTLOCI (THRFE CANNISTERS)
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! ROOTLOCI (TWOCANNISTERS)
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12.5 )
ROOT LOCI (ONECANNISTER) -12
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0.05 slug-ft2 provided good characteristics while at the same time being

easily realszable. The system will re_In stable for all "_aluesof gain

prov_ded that the accelerc_eter location along tl.er2 axis is not greater

tlmm 0.033 ft. #_ r2 approaches zerc optint_ures_nse is achieved. Also,

r3 is to be made as large as possible so that the accelerometer is more

sensitive to coning induced accelerations.

The Nyquist dlagr_ms corresponding,to the root iocl plots are show_,in

Figures 1C through 12 for the various vehicle configurations. It can be

seen that as the eemnisters are ejected the system gain increases sb.nrpiy.

_e system gain is proportional to I1/ip and as Ip decreases the loop gain

increases. Even though the syst,_ngain increases drastically, the stability

margins remain satisfactory.

3.2.2 Describing Function Analysis-

The system _ be expected to operate i__a limit cycle manner since there

_rillbe a.continual energy loss in the vehicle which must be overcome by the

1 control system. Apart from this behavior, system dead bands, hysteresis and

i saturation may also cause either limit cycle or undesired response. Section

3.3 of this report contains a discussion of the analog simulation used to

i study the dynamic effects of saturation (torque limiting), showing that t.he

syst_ responds satisfactorily under this condition. To determine the effects

i of threshold and hysteresis with a linear analysis, the describing ikmction

technique w_s used. Since the system c ,erates in a basically sinusoidal

fashion, this teclmlque can be expected to yield highly accurate reqults.

Dead bands will be caused by thresholds in the acc_ler_ueter, in the servo

amplifier and motor. _steresls or bacP_Lush is associated with the motor

and gear train. Two describing functions we.reconstm_cted. Figure 13 _hows

a typical describing function for dead band, figure 14 shows s.describing

f_mction for backlash. These describing functions were used to construct

the locus of "-i" points or amplitude characteristic on the linear Nyquist

!} disfigure 15. Since dead band alone introduces no phase shift into

tbc system, this no_-linearlty has no effect on system response. For little

_I or no energy loss in the vehlcle_,control will be applied until the signal
)

a_litude falls within the deadzone at which time the control system ceases
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to respond. Here, the only requirement is that the amplitude of the dead

zone be sufficiently sL_ll such that control is removed only when the coning

angle is within acceptable limits. For example, in order to keep the coning

angle wit,bin + 0_i degrees_ the dead bard of the acc_leromet_r mu_t be ileld

within -_"0.228 £L/sec 2, which is well within the capability of existing low

performance instruma_s. As a practical cunsideration it is possible to

deliberately include a d,._adzone in the system equivalent to a small tolerable

coning angle, insuring shutdown of the control system when not required e_,d

thus lowering power requirements.

In considering hyste_'esis or backlash, the additional phase lag introduced

into the system by this effect can cause undesirable limit cycle operation.

As seen in Figure 15 the amplitude characteristic function (-i/N) crosses

the system frequency function. The frequency and amplitude at t_e crossover

point indicate the limit cycle characteristics. However, it can be shown _

that the control 3ystem is relatively insensitive to backlash. In order to

maintain the coning angle limit cycle amplitude within 0.i °, as much as 0.9 [

radians uf 6ear train backlash at the flywheel can be tolerated, l'he gear

train backlash can, of course, be easily kept much smaller than this value. )
[

Although the control system will be relaLively unaffected by this non-linear

condition, limit cycle amplituOes must be kept to _,mall values for minimum

power consumption, if required, further optin/zation of system parameters

can improve the power consumption. For instance, additlonal phase lead can be

added by the shaping network to _ecrease the limit cycle _piitude.

3"3 _o_ 5imulatio n ar_ transient Response

In order to evaluate the effects of system non-]inear_.ies neglected in the

stahi]ity analysis ar.d to size the motor-flywheel cc.mbinat_on, an overall

sin,ulation of uhe control system wa_ co:,ducted w-lth the aid of an analog

computer. The exact equations of mo_._on were mechanized including the

effects of accelerometer positioning allgr_nent errors, _-

I.
t

:.,- !
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3.3.1 Lineaa'System P_sponse
t

! _,_igures16 and 17 show system tra_mient response for two different loop}

gains with and without tachometer feedback; it is seen that response

can be made extremely rapid. However, for these systems impractically

large motors are required to pro_/_de larg_,torques and fast response. For

the s-j:_temof Figure 17 the,pea/-angular acceleration required is equlva-

lent to 7.5 ft-lbs of torque ap_pliedto a 0.05 slug-ft2 inertia flywheel.

i For a ]_rger _heel the requ_.redtorque capability would be increased. Those
runs include the effects of sn_ll fl_heel and accelercmeter positioning

and aliment errors. The mlsalignments had no detremental effect on syst_n

{ response. _e most significant effect of accelero_eter misallgnment was the

addition of a D.C. bias in the acce!erameter signal, This D.C. bias was

effectively removed by the hig_h-l_aSSshaping network.

3.3.2 Torque L£_,litedResponse
L

In order to size the control motor, various torque limits were mechanized

{j in the analog simulation. The r__ximumtorque capability was decreased
[J

until what was felt as minimiy_ satisfactory response was achieved. Figure

18 shows the system response to an initial coning angle of 0.25° at a

_ torque limit of 200 in-oz. Under these conditions the system drives the

co_Lingangle to O.1° _,ithin300 seconds and to zero with 500 seconds. The
=|27

_ maximt_nrequired flywheel am&u_uar rate is 3.7 radians per second. These

torque-speed characteristics c_n be easily obtained with a m_ll motor,

II 3.4 Conclusions
!

The results of the analysis of the motor f]_vwheelcontrol syst_u l_ve demon-

ii strated tl_t a satisfactory system can be obtained exhibiting adequate stabil-

ity margins and response time.

i) A considerable variance of control system parameters have been studied.

The control components assumed were deliberately kept c_nservati%-e;yet,

I c0nsiderable freedom exists in the system for achieving an optim_ design

] 965005589-039



TRANSIENT RESPONSE TO INITIAL CONING ANGLE i
WITH TACHOMETER FEEDBACK

" (ONLY THE ENVELOPE ISSHOWN)/

100- l_ FLYWHEEL ACCELERATION
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_6_theasily a'_,ilablecoap,uents. _e only possible degradation to the

system might occur from motor or acceier_eter lags. !f these l_.gsbecc_ae

troublesome, additional pi_..secG!pensation can be ob-tair_edin the si_ping

network.

A significant res_t of the analys_s is the required posztJoning of the

accelercneter, in order to obtain control, the f]_heel spin axis must be

aligned perpendictularto the vehicle spin axis. The aeceleroneter must be
{

laterally displaced from the vehicle spin axis and in a direction perpendi-

cttlarto the fl_dheel aris for stable response. Frecise a!igmaent is not

i necessary and szk%]_lde_iations in alignment can be permitted.

In order to obtain satisfaetox7 response time, the motor-fiT, heel c_bina-

tion must be capable of delivering a minimum of 200 in-oz of torque, and

a speed of 4 radians per second. This will also insure an energy delivery

capability _inmgeenough to overcome energy losses in the vehicle.

Although it is not necessary to pro%_ideactive coning damping in the case
)

of a_e r_maini1_ cannister (R >I), the ans'_sis of section 3.1 shows ti_t

the system operates satisfactcrrily in this state. Ttae coning damper may

Z_ be 'usedto Imsten damping action if desired.

m
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SECTION 4

CONING DA24PRRUSING CO_I_OL GYROS

4. PRINCIPLE OF OPERATION

An alternate conlng-ds_er design uses sing!e-gtubal _rro_ in place of

the fl_heel. Two possible arrangements are sho_q in Figure 19. Ar

single control g_vroit illustrated in Figure 19a. The spin axis nominally

coincides with the e_xisof s3_mnetryof the space vehicle. The gyro is

torqued about the space vehicle axis B2 Ln accordance _;itha control la_J

ident.icalto that for the fl&_heel, except that the control variable is

gi_al angle _2 instead of fl_beel speed _. _]e space whicle angular

dzre_ with ¢23momenttumcomponent along the transverse e.xisBq varies " _"....

for SF_JL1gi_bal angles. The lower sketch, Finite I_ illustrates a t_¢o-

gyro arrangement. The directions of rotor rotation are opposite, so that

no net anu_uiarmoment_m is contributed by _he g_Tos _hen nulled. Torquing

of either or both _./rosproduces angular momentum changes along the trans-

verse _xls B2. These changes are _)sedfor control, in accordance with the

i coning-d_mper control !a_.

ii 4.1 Derivation of the Control_Gyro Equations

Equations of motion of the spinning space vehicle with one or more control

li g%._o_are developed from the genera2 equation of rotational motion of a
multiple-part body. _le version of the general equation used corresponds

_:.e['oll_zingconditions:

l) No extelmal or body force or torque.

2) Centers of mass of the moving parts (rotors and gimbals) fixed
relative to _pace-vehicle body axes.

3) Origin of :_pace-vehiclebody axes at the space-vehicle mass center,

_'.egeneral eq_ation of motion is (Refe_ence i, Table 8.4):

+ I Iv.r_+l v. +lv.(,.,+_ I) (I)

+_,x(ll._,+ . ) -0
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TWO CONING-DAMPER ARRANGEMENTS

USING SINGLE-GIMBAL CONTPOL GYROS

8!

O. SINGLE GYRO, SPACE VEHICLE

SPiN AXIS ALIGNED AXIS OF SYMMETRY

WITH SPACE VEHICLE

/_.XIS OF SYMMETRYf-'"-'--------_
2_

B_

_ IA_ _ -_
J/ ..._SF CE VEHICLE j _I

BI!

b. TWO GYROS, SPIN I SPACF VEHICLE

AXES ALIGNED WITH I AXIS OF SYMMETRY !TRANSVERSE AXIS =

SPACE VEH!CLEB=

"i FIGURE 19
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ILLUSTRATION OF BODY AXES

FOR ROTOR AND GIMSAL OF GYRO

SHOWN IN FIG. 19 a

BI 4

ii "

I,
FIGURE 20

I
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The symbols used in this e.nalysis are define_ Ln section L .i.i of this section of

the report. Followlr_ the _vro i_h-t°numbering scheme us-_ in the reference, we have:

Space-Vehicle Body Rotor Gimbal

Axis Aligned Part Part
g_ .h Gimbal Axis No. No.

P_m"

B1 J-- 5 j = 6 __ag.19b)

B2 ;_ 4 (fis 19_0 i

g3 2 5

The case to be analyzed is the second, i!!ustrated in Figure 19a and

FLgure 2Co The other two cases can be obtained by c-.c!ic permutation }

of Ludices over i, 2, 3, and 4, 5, 6. This must be done for bot_ silo-

scripts and superscripts. The procedure followed in developing szalar _

equations of motion from Equation (I) Is to expand each vector and dyadic !i

into cumponents along space-vehicle body axes. Thus_ for the rotor: }i

I11 C1fl_ i A I I
= + +1,3,.31 (_) _

• |

= IBll Ib1151+ Is 2 Ib2 b2 + IE63k3 Ib3

1 1
- |BI2 (Ibl _2 'j"t)2 _'1) - JP_23_c _)3 �Ik3_2) (3)

I
-1631 _361 +1_ b3) _:

The coe_.icients I B ' I B 3.... , I "B are evaluated in the usual manner _:_t

y post- and pre- do_ nmlt_plylng Eq_on (2) by bl, 52, and by pairs

_ ,,1_,,,.:'.,,-c' (,!,-,,1)'+A'(,,_-b1_'-cI_ _,,+_'.__, (_) _.J

:- , 1 11 ..C1 , 1 .A_ (5)'e2 _lh" • .Ih (lb_• i,2)_ +AI(b2• 1_2)z -:'

;i

i

i: i"_ .
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Is_ .81 cI I +A_ .cI2 +A12 (6)= I,3 •I%. _i 'b3)2 (b_+1,3)2 _2 _2

I I

! ,

Combining these results into Equation (3), we havei,
.i i _ . (C_ c2 _, +A+ 2 _2) b__1�(C1 2 _:_+A1c:__2)k 3 i)3

i (9)
+ A1b2 lb2 + (A; -C _),_2 c _2 _3 Ib_+b1 b_)

In a similar mmnner, we obtain for the glm_al

" _ ,_ (!_ ,2 _ + 13 _2) _,_b_

' (i_ _1 _ __2_ _,+ih_:1+i21,21,2+ .. , . (lO)

i.i The 12lertladyadlcsI1 stud14 are partitioned into constantand variable

: 14c,components. The constant components,designatedby I1 and are inde-e

I! pender_t of timbal tangle _2" These components are added to the space-vehicle

inertia dyadic components, designated by ,_, to form a new dymdlc:

+' (n)|c = I + i'_

For the £_y_'ounder consideration,this is

(la)

the origin of space vehiclebody exe_ (the-space=vehlcle_ss center),

'i additlc_l _erms are added to _ to yield another new dyadic, or:! c

m mlI"I. ,i _ _ ,I,:1.
+j _. '++"++i,
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The variable portiens of II and Ik are those components _rhichare 9unctions

of _2" These dy_dics and theiz time derivatives, needed for later analysis,
82e._

1 c2 AI s2 s2 | c2Iv - (C+ 4'2+ 6_)Ih kl + (C! _2 +X 4;2)1'31"3

+(A1_ Ct), ";2c _2 (k_bl *bl b3) (14)

+(A'-c') i2 c2+; (b3_,+b,b9 (15) !

" %2 ,',2 (,_,2 ,,c2Iv " +2 + 13 4,:_1lbI b! + ++ + 13 _) b+b3 1
+'-,,'m+Z__%, t

+(I_- i,+)' *2 c +2 _I,:+_,+i,,,i,:,)

;:-(,:- 't)+:+.++_'+,',,+('+- ':)"&:+' ' ++",'+:, i+
.,.(,+_,+),&,c:++,('.:+,+,,,,,,) (_+1 _+j

The angular velocities of the space veMcle and the _o parts and their [i

derivEt_ves are: _+

+ [I
:+.,_++ _ +. ,.u+, +"- • • + • "+ +
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The vector _nd dyadic c_ponents expressed in Equations (9) through

(23) are substituted _mto Equation (I) to yield the desired three scalar

i_ equations of rob_tic_al motion. Thi_ step is routine and tedious, so the

final result only is shown here. This is:

_J

+(A _-c I _ I_),42c+ 13- 42 _'3

• 4 !_)•42c •427 _2i +_ -cI �13- 42_I_2-cI I

{ ', 1_),2+2_ ¢_4 I_) 2_2_3+ (AI-CI+| 3- +13- c

4 _C! rill', - (A"+_2)+"+, ' '_2 '/;2"o
+_

,{ +

, + (m+)
{}

_J

. [ '+ Ic2c_2+ Icl-lc 3+(A 1-C 1 +13- qb2

L+
(c_ ,' '+ ,_)2 +21_ "+ - + 11-

+c" i (c'/'2'-"3+' '/'_+"i)+ (J_'+ _1_ "o+1 "t

+,-:-

,_,:... ....... +..... +..++;......... r:........... ...._+...,.++..4.,..:.....- ........."r"...... "..... _'+ '" + ' ' " + °++""++"++"+'+ "+];'P'+-++++;...... ++;L +...................... ,'_:*;_+',_\,%_'4.'+'
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i'c,.(" �':)c2
4 )_)s4_2c4)2_h+ (A__ C I+ 13-

_ _ C_

I_) c 2 4)2 +(-A+ +
+ _'A_- C) + 13- _,i - I_ i

+ (_I+ I_).,- C) ] ic4)2.I _,2=0
) i

! (26) _i

:. The following points may be made in reference to Equations (2_) to (26): _'.

! l) Equations (_) and (26) reduce to the usual Euler equations o_
rotational motion for a single rigid body in the case where _ , _'

! CI, and 1,41_i= I,?.,3are all zero. -

I 2) For the practical case in which the control g2_ro'smass center i_displaced along the BI axis by a distance bI the Icl, i = 1,2,3

! are replaced by hl , i = 1,2_3_ where:

lpl,,.lcl
I

, ip2 .. i_i + (,_)1+ m()(,bl)l

.i

_ Ip3- Ic_+ (m1 + m() (_)_ i

_ Thls emsumes colncid_nce of rotor and glm_al mass centers_ a t"
reasonable condition. 1

3) The control torque term is the lash term in Equation (26'.), ¢_o
" term daminates all other 85,_oterms in %,heequ_blons, for "

small glmboD, angles. _I_Iother tezmusshould be nec_ected for the

purpose of initial synthesis.

_) Equatio_of motion for th,.space vehicle and o_her control _/ros i

_j having g:l_e._,axes aligned with a space-vehicle body ax__ may be
.aC be obtained by cyclic permutation over the indices 1,2,3, and h,5,6, i
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4.i.1 Definition of Symbols

Aj, Cj = Diezetral and polar moments of inertia for the jthgyro

rotor, J = 1,2,3

Bi = Space vehicle body axes, i = 1,2,3, assumed principal
axes for the vehicle less gyros as well as for the ccBnposite
vehicle.

bi = Distcz_ceco_._pone_ton space vehicle body axes

_i = Unit vector on ,_pscevehicle body axes

Bj = jth moving-part b_ly axes, i = 1,2,3, assumed principali
axes for the part

DJ = _unltvector on jth mo%_.ng-partbody axes, i = 1,2,3i

c_s = cosine and sine

i p. = unit dy_dlc_ or ide_nfactorJ

ii ! = moment or product of inel_tia,with appcopriate sub- cadsuperscripts

I = space vehicle (less gyro rotor e_d glmbal) inertia dyadic

-i
jth moving-_art inertia d_dicI _ =

I.I
1°_ = components of the jth mo_ng-part inertia dyadic which h_ve

c

_) constant v_ues when referred to axes whose origin colncldes
with the J_ movlng-part mass center, but which remain

Li alined with space-vehicle body axes.

!) zj .th,L = remaining ccmponents of the 3 mo,ntngIx_rtinertia dyadic
,_ v (see previous def_nitiwn)

i't N

Ic = composite eonst_nt-c(mponent inertia dyadic, Ic = I IJ

i
'i

43

I
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'_ = stun of the space-vehicle inertia dyadic_ the constant

P parts ,elative to axes aligned with space-vchic!e body

axes of the movSmg-part inertia _vadics, and the mc_ents

of inertia of the mov_mg parts considered as point z_,asses

located at their respective mass centers (See Equation (13)).

mj = mass of the jth moving part

N = nu_er of moving ps_ts

nj = rotor an_c!ar velocity relative to space vehicle body exes.,
assumed constant

.th
_ = radius vector of 3 moving part from origin of s_Jace-vehicle

body axes. •

: space-vehicle angular velocity, relative to inertial coordinates -;

_ = angular velocity of the moving part relative to space.- _
vehicle body axes.

J_

_.2 Conclusions .Re_ardlr_ the Control-Gyro Coning De.per .:

The coning-damper design using single-gimbal control g>ros Jm place of the

flywheel offers ,the following advantages relati9% to the flywheel design:

!) Po_;er Consumption dul-ing cyc]_c operation is determined almost

entirely by the power required to keep the rotor spinning at the

design speed. Practic_.ly no powe._ is required to torque _he outer !
i

gimbal in accordance _Ith the control la_;. Althougjq a care_ul cam- {

parison remains to be made, power conscmption is expected to be much

less than for the flywheel design, i

_ 2) _ of the conlng-dsm_per _ontro! gyro is expected to be less than

, for the flywheel. The maximum angular moment_m change available for !

control is given by the rotor angular mcment_n times the sine of the

6 I-':_, gimba] angle. This will be larger than the angalar momentum change

of a flywheel unless maximum speed car.be made a3_ost as large _s

t_ that of a gyro rotor (abou I0,000 _3Pm), }
!

.j _

,_'

_,, [
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I

Disadvantages of the s_ng].eglmbal gyro relatlve to the flywheel

fo_=the coning-damper application are:

l) _lytical complexity_ results from the complicated folm

I o2 the e_J_tion_ of motion of a space vehicle and single-
glmbal g_To. These equations are developed in 3.0 of this

l section of _h_ report.

2) Cross-coup!ing effects may be significantly large unless

l glmbal angelesare limited to small v_.ues. This can be
established only by a detailed analysis.

l 3) Off-the-shelf cc_.onents unsuitable - The ang_lar m_nentum

delivery capabilities of a sts.ndardHIG type gyro may be

I inadequate. This is about 0.005 slug-ft2/sec for a gimbal2
_ngle of 7 degrees. A value of about 0.1 slug-ft /sec is

l needed, lased on tentative sizing.
_) Cost is expected to be greater than for the flywheel.

!

!

|

I
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SECTION 5

GhITERALCONCLUSIONS

5. RESULTS

_ Fro_.the results of the a_z!ysis of the external torques and the analysis
_ of the control system, the concept of spacecraft attitude stabilization by

coning damping action has been demonstrated to be feasible as well as prac-

_ ticalo The results of Section 2 indicate the effects of Gravitational and

magnetic field interactions _i%h the vehicle are very small. The tip-off

i incurred by the cannister separation mechanisms has been shown to be a maxi-
mum of O.136°(_) which is _ell within the mission accuracy re@uirements.

{ _ne analysis of the coning damper control system in Secbion _ has shown that

relatively simple, i_ perfol_nance control components will suffice. A

i single system can provide coning damping spacecraft configura-for the three

tionz, both before and after the cannisters are successively ejected. The

il chosen system consists of an accelerometer for sensing coning motion and a

motor-flywheel as a m_:tentum device. The required characteristics of this

I equipment can be achieved with existing proven _emponents. The expected
positlonin6 and alignment el_rorsin mounting these components have been

L

shown to have little or no effect on system operation. In order to achievethe desired flywheel torque speed characteristic, a relatively small; low

power motor may be used.

An alternate approach of mechanization of the coning damper is _iven, using a

control Eyro. This is expected to be a more efficient energy transfer device
than the flywheel system, However. the cost of _he alternate system is expected

to exceed the simpler flywheel system.

i!

I
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APPF_DLX I

The following is a derivation in body coordinates of the equations of motion

for a spin_stabi!ized satel_]ite,with 8_vnamicsyr_netryalong an axis (letting

both the control wheel end the acceleremeter be perfectly positioned _md

oriented as is shown in Figure 6), followed by a s_ of formulae for

various properties of the solution. The latter as facilitated by tailoring

the autopilot gain so as co eliminate undesirable terms from the accelerov_ter,

thus resulting in an optimum value for this parameter (large variations in this

value can be tolerated_ h_gever, and would in fact be used). The notation used

is given immediately below.

A Constant = - Ip_ xlxm
Jir3 rm

1
B Constant =

rm

F Coning 0a_per theoretical efficiency, _aation 29

_-_ h Constant (2 I
11 Ip

°I_._ H _4_itude of angular mc_entum

,_ _ Pitch-yaw moment of inertia f-,1:the total vehicle

II Roll moment of inerti_ for the control wheel

Roll moment of _ertia for the total vehuL(:le

xl Accelerometer gain

[} #_m _otor gein

I

,h Consta_t (I-'___),

I _l T_me constant for the coning an_le time history, eqt_tion 18

If
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rI Dls_lacement of acceler_ter along center l_me

s Initial vehicle spin rate

z3 Distance o_ accelerometer frc_ the cen_er line

_m Mo¢or time constant

i

Roil rate of the vehicle _seen in body)
i _,_

_2 Pitch rate of the vehicle (seen in bo_)

_ _,_-rate of the vehicle (se_n in body) _!

Q S_)in of _e wLeel relative to main body _

The generalized Ealer equstions for the two interacting part_ are

(1) Z,..'-'.,.o
IR

(2) _,-(_-'R._.,.3+'_'6-o
ip Ip

• Ip

The coning 8ingleat 8/_vone tlm_.is _ [I

, _|

ariaits rate of cba_ is obtaine_ by the use of (i)
_Z

H
r

if _ could be made proportionsl to _ by choosing _ positive proportionality

factor, then _ would always b_.ne_tive (except at those times when _3 _ 0). _-

Ar_
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_"_nisiLnearity cqn "_ ac_._[evedby alig_ the accele_smeter a_ in ___re 6.

With such an _lig_ment the eccel_r_eter reading is:

which is dDtalne_ f_mm an e_ansion of the general acceleration equation

)

_ne second term of aI is constant fer a rigid body undergoing no energy changes

: but for this situation it decreases exponentially with a large time constant as

the coning is reduced with 5he dsmper.

The motor emplifier cQm_i_ation can be represented by the rol!owing transfer

f_uctiom (no torque 1;m_ting)

_l_Cm
(8)

a! _+ rmp

no (_her control is used equation (8) car.be arranged in the followlrg fo_m

for the control e_tion

i/i If (2) az_ (6) are substituted in (9) bhe relation for A (independent of B) is

(Io) 'p
i] I :r3

where the d.c. term in (6) has been taken out with _ filter. This allows

to become

f I_B

or

(12)

I which Is the expression desired for control, as deduce_ from (_). _nis e_ii_hes

i the control capability using a motor and d-c filter, with the accelercmeter properly

!_ placed.

It is of interest to knew the dm_Air_ rate of the control system. This is

!i _erived a_ follc_s.
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(13) --" ---_3
"_! IR

(14) i_hf._ o4dt

Starting with equation (12) and substituting In (3), (2), (i), (13), (i4), in

order, results in the follewir_ exact but nonlinear expression for the sFstem

__hs___ctertsmiceq,_t ion

(15) _3 �2_ _ ;_3+X2 _3 - 0

with F and ,_defined as

2 2

|R (1_|P_3)(16) 2#A. _11IR hs2,2
I p " IR2 _12

(t7) _2 1- i..R il h _3- s, _R" 1+

The exponentials can be considered unity for small angles of coning. For the

parameters be_ used (16) and (17) can be approximated by }.!

(18) _" " "

" O-,'-:)

which form the damping rate and undampe_ natural frequency, respectively. The i

_m_ed natural frequency will then be

an& for initial conditions of m R (0) = - c, o,$ (0) = 0 the time history for _3 _'
is

(21) _3 " c --#t sl._t r!'.

t
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The efficiency of the contrcl system is also an important f_ctor; efficiency is

here defined am the ratio of the energy impea_ed to the vehicle s_racture to that

drawn from a stoppagebattery into a perfect rector. For a body of revolution the

rate of chang_ of _tational energy is

so that after manipulation of (4), (5), (i), and (L9) the following is obtained

. -- O_3
Ip

the power (W) supplied to an ideal motor_ since the vehicle is large c_=pared

to the wheel, is _pproximataly
".

Ii where in this application the approximation is very accurate Manipulation of

(12), (13) and (14) yields

•If ,,
• ilh 2(.5) " (--o,, ,Ie

so that, again letting the spin be constant in (12) and (25) the following is

obtained from (21) for the t_'oexpressions (23) and (24) respectively

(26) I_.,'lh(1- _I, 2 c2 le-2/_t.i.'_t I
ll_J

, _ I. L 2

• IR

i The work efficiency is defined in vie# of the practical zestrlctions on the

electrical equipment. Energy must be drawn from a storage battery to accelerate

the wheel,during the first quarter cycle. During the second quarter cycle or

de'-'e!eratlonphase energy camnot be 1_turaed to the battery, but no encr_ must

be drawn from it,. T_letheoretical work'.-efflciencytherefore is the work done on

55

i
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the structure during the first half cycle divide& by the work done on the motor dur-

inE the :_irstqu_ter cycle. :

/? .(28) <F> ,-
w

-i '_ W dt

or

il
l

l_
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APPENDIX II

MAT_.IC_ ANALYSIS OF,.T_,:E_I_RNAL DESIVJRRA_S ON A STYi_-b_TAB!L!,ZE_VEHICLE

The generalized equations of motion for a spinning vehicle ac':edupon by external

torques which may be a Ikmction of the position in orbit will now be derived. A

• : llst oI'.symbols used is given first as foll_s:

a Mm_netlc constant for the earth (2.0x I016 Ibs'fl'2)
amp

IR
Const_mt ----,

Ip

-i(i--I,2,3) Direction cosines of local vertical as seen in body
!

B Magnetic induction vector

I

B| (i-1,2,3) Inertial cempgnents of magnetic inductionL.I

i' 19 Mean anomaly rate

_g _ Angular di_pl_cement (magnitude) due to graeitational field of the

momentum vector

_ _m Ar_ular displacement (magnitude)due to magnetic field of the

I momentum vector

A

_ Unit vector along local vertical
}

G Constant, equation 27

Vector normal to both the symmetry,axis _nd local ver_,icalhaving
, Y

the same sense as gravitational torque

I Mament of inertia dyadic

1

Pitch-yaw mement of inertie

i'
IR Roll moment of i_ertia

h Constant_ _quation 31

M Constant-- --M [.__

i
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m Magnitude of .pacecraf% magnetic dipole moment

Spacecraft magnetic dipole moment vectc)r

16 h2

Gravitational constant for the earth 1.4x;O

A

Unit vector along earth's magnetic axis

Moment of mQmenbt_x_

¢ Angle between orbit axis and earth axis

Qi (i_,I,2,3) Genel_lized torque along axis of rotation for qi

Q_ (i-1,2,3) Generalizc-.do-_rav_tationaltorqu_z

m !'

Q i (i - 1,2,3) Generali'zedmagnetic torque i

qi (i._1,2,3) Euler ._'zgle used _as generalized coord.lnates i!_

R Orbital radius i

S Spacecraft,spin

T Rotational kinetic energy

t Real time

r_ Torque _ue to g_vitatio_l field

•_ '_rque due to magnetic field
,m i

_= Torque due t¢ solar radlation (negligible)

0 Angle between vehlcltc symmetry ax.:1.eand 1oca3.vertlc_l li

V Potential function for gravity torque ii

I_'ii1_, _'I (I.,-I,2,3) Body ccm_ments of angular velocity I" .

,!, •

_:_ a Orbital angular velocity I!

x Complex rep_eeentation of angular displacement of _he spacecraft%

o
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Xi G_I,2,3} _ace-flxed coordinate syst_ S

s

Xi (i=1,2,3) Body-fixea coordir_te system S*

._:(i=1,2) Inertial components of angular displacement of the spacecra_

centel-.-line

_i (_=|,_) Ine_is_l cc_ponents of e_lar displacement of the spacecr_t

mcment of mQment_Jm

_L_ C_AL EQUATIGNS OF MCYfION

In bo._y refel'ence

dt

(3) d,

_'h¢:re 'g_;m and ;s are deflned below _nd as s,-,chc_plete the description

" ,x(l-,)

9

C6) ;,=;

' (7) _" R3
dS

I / (8) -- _o
dt

A
&

i (9)
dt

d,

For %he p_l_ose of _riting Hamilton's eqt_tion in terms of the _le_, _ngles

ql, q2, q_ (Figure 2&) the components of both rg, rm are eva.lusted &long the

respective axes of instantaneou_ rotation.
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X2
XI

S ,_(Xl, X2, X3) FIXED It,1SPACE

$'= (X1; X2; X:_3 FIXED IN BODY

FIGURE 21 '_
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(=')B2 i;, (since _, the spacecraft ma:_.etic
The form of _ in space, _T:[th_- 83k

dipolet is parallel to the sz:isof sy_.et1-,/)

/B 3 cos ql sin q2 - B2 cos q2 \

(].l) rm -- re(B1 cos q2 - B3 sin ql sin q2
\ B 2 sin q| sin q2 + B1 col ql sin q2

and resolved along the space 3-8xis ( for ql), the line of nodes (for q2 ) and

the body 3-axis (for qq)

r_,% m

_Ar-._a) QI =m(B I cot ql sinq2 +B2 sinql sinq2)

m

(l_b) Q2 = m (B 1 sin q_ co, q2 - B2 co_ ql cos q2 - B3 s,. q2)

m

(:2c) Q3=0

k'qaefo:_ of ;gin the vehicle is

i ./--"--2",

,p=\ o/
: r

,%

_._hereif , is written in tl_ebody as

so that the ang_le@ bet_leen _ and the body"J-_.xis is

, (:5) _o,e,= • a2 =_3

",_ctor _: normal to th_ pJ.ane fo_ae_ by the _while the ..,._upre_ious lines is

61

1965005589-069



\1/ \Q3/

then the expression for r_ beca_es

A

sin _ cos
(_-7) ;f" "_'3_ Ip(I- '.RIp

an_ in te._ of the potential V = G cos2 8

th,_swriting V as a function of ql, q2, q3 i_]

,[
(19) v ..G,i,2(q,-p,) .i.2q2

obtain Q_ aV

(20=) Q__ - G,i. 2 (q,-p,) .,.2 q2

Hsmilton's e_uatlon for _he generalized munent_ p! are (I-1,2,3} [

Ii.-
(21) dp__.._ �Q,

dt _1! [i

where

" a 1
aT
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with T, the kinetic energy., given by

). 2 2

so -thatboth

(94a) p; = (Ip sin2 q2+ 13c°s2 q2) ql+ IR cl3cos q2

(24b) p2_Ip4_

(24_) p_- In(43• chcosq2)

and

(."Sa) N =- Gsin2(q_-_t) ,in2q_+m[Sl cosql .inq2+B2si. q_.i, _]
t
J

(25b) 152= - G zi. 2 (ql -_t) sin2 q2 + m [BI sin ql cos q2- B2 cos ql cos q2- B3 ,in q2]

- IF _12 sin q2 co_q2 - IR (Cl3+ (11cos q2) cl2 sin q2 '

(25c) _3=0

,.hetransfol_tion_ ql __I q2 + _2 q3 "St

then ass_mnes _I,_2 to be small and S --const (S is the spin) ther_ re_'.uitsthe

foll_;ir_ tvo equations.

+ _ cos 2/3t- m , __ sin 213t+ m
_ Ip Ip Ip / Ip II

Ip Ip
[ ,'c
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2 R$ Ip

and if the s_eed in orbit is v= RE ( For circularorbit)

(28) _-_
R

then
;
|

or

i

(30) G. ! x2
Ip 2

with

(31) x-__ i

_et the orbit make an angle _ with the equator so that B looks in space (equation7) I

as follc_s iil,

' (32) _--_._ 3 .,.
R'k _ _''"2.t

COg (_

h_vin_ chosen _ to be in the space i - 3 _lane and ; along the 1-axis at t=o

64 I
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^ /_°' _'/-:+ (34);- o,

The final form of the equation is then, for M=- m o
Ip R3

Ip 2

= 3 A2 sin 2/3t + M sl. _, {1-3 cos2 _t)
2

(35b) _2+ IR $_1+[-3_25in2/_t+3 Msin_6sin2_t]_.2

_i ,, 2
-- Mcos4,

_J

_; SOI/EIGNS

A. Gravitational Field Effect

_' The llnearized equations in this case are Just

]_ (_!].) _I- I_RS_2 + 3 _.2_1 ¢o,2 _t= 3_A2 sin2 _,
Ip 2

.(_6"b) &+I._ 5# 1_312&sin20t= 0

IR

_I Define x-._'1+ih and let ,-__|pS , then

il (37) x+! = _+3A 2xcos2_t- 3_X2 ,In2_t-3_2 _2 c°'2_t

i The above looks like ,_M_theiu eqlu_tionwith a driving function except for the

e.x_ression involving _2 • If Ixl<< I then the term in x (also tlmt in _2 )

i can be neglected relative to the right hand side while h is alrea_ small compared

to - . For l_ter a_lic_tion this t_rns out to be the cese so the following assumes

I it

i 65
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b11t sin _ ,6t _ -- I.. i (e2J,6 t _ @- 2i,6t) oi,.2

09)
_+iax=-3 iX 2 (e2i,6t-e- 2i,6t)

4

Integrating once

(_-0) _ - e- i _t / --3 i A2 (e3_,6t - e- 2i,6t) etat dt +!!'
4 '-+

=-3)2 ( • 2i-t _ e- 2i,6t) + C2e- lot il '
4 cz+2,6 = - 2,6 [

so if the initial condition is !J

_rtegrating again

($2) x = _3i8,6_x2 ( "--+=+2,6e2i,6t=_______/ +..e-2i_t _ | C2 e- tat + C1 !i

_ __ _4,62) :'4 <,/_ a2

_ne cemponent form of the equation in x is thus

H
_2 3 ,I.2,6t-3 _si. cztl" !..i

,, !I
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X2 !3 _ (cos2j_t-1)+3_(co,at-l)]

B. Magnetic Field Effect

The line_rlzed equations in this case are just

" ;R S _2 + 3 M_I si._Ssin2tgt=_sin_5(1-3co_ 2/_1)

IR " 3

IR S thenDefine as before x -_I+ i_2 and a - --- ,
Ip

!
(46) x + _e ,_+ 3 M,_$i. 4,.|. 2pt= M(,t., (1- 3cos2/_t)- i co, ,1

2

i The above is a modified !4atheiu equation _ith a driving function.. If_ once a_ain.
J

Ixl< <I then the term in x _au be neglected relative to the right hand side

i _zhileM is assumed small relative to , . For later application this is justified

-_ so mal_ng such an assumption thel_ results

;l
(47) ,_+ i. ; = M (tin _ (1 - 3 cos2 _,) - i cos (_l

:lL_

_} but 1-3{o,2#t='-112+3(e2i_Jt+e-2i/_t)1-_"

oZ"

.ii

II lutegrat ing once

!i., (49) I_- .-let ./ -M .,.t l S_(. 2"l_!*e- 2tlet).in_ �1_(,in,+2ic.oi_)l]d,4 2 '

I" { .21,St .- ,ipt ].i -M 3 i + _ sine;+ _ (--co,_+ t tin_} +C 2 ,int_ JT_ +,-2,+ . _

fl ,.
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i.v

so if the initial condition is x (o) = o

(5o)c2-M_[_o.___+_ ._.,I
a a2 _ 4_2

Integrating again

t

(51) x=M { 8"_'3 (. "a"_2-_e21/_t - e-'__2i_t2/_) sin _ - _1(cos _ - 2"1i si. _) t I + C2 .iet + C1

_j

_ud if the initial condition is x (o) = o i

(52) c;- - __(L ,+., +;_o,,)
a2 2 ; i

The camponent form of the equation _ x is thus _I

(53a) _I=M[_3 - ( I ) sim(#_o82/gt+ 2 (_)sl,_co,(,:
2 a2_4_ 2 a'_ a2-4,8 2

1 ' 1+ a-_ cos 95sin at + }- t cos 4, -_ sina " 2a2

(5310) _2 =M{3 a ( i .) sin 4) sin 2_t - 2 (a2-#2 ) sin_,_nczt_"_ .2 -4.e2 _,2.2_ +_+.

+ I co,*cosot+ I t,in<_- I co, 4,]
.2 2_ .2 i+

F4mtton (t'+5a, b) and C53 a, b) give the angular motion of the spscecraft centerline

mad not that of the mament of mamentum. A camparison of the vehicle and o',-bit +i

p_Imeters sh_s that the daminaut coefficients in these equations are exactly I

•those associated _rith the lm_ or orbitS., fl_quency terms and as such describe

+the average an_tlar motion of the mament of mamP+ntum since these terms ove_helm t.i

in magnitude the frequencies ralated to the spin. The fora of _he ar_lar motion

of the mamen_ of _mentum is n_ _iven for the +,'_ofield cases in the order, Li68

1965005589-076



_t

_ _mvitational and magnetic

';: (54a)_,*_0

s_ (54b)_2"- Ao(_o,2¢_- 1)

t

_+_ (5_o) _2 .+A2 t + B ++. 218'
+I
_+_+.

The magnitude of the deviation for either effect is

.g

(55) 6*_/_I "2+ _2*a'++

_. and appears in this fo1_nin section 2
.j

li ++
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